An exact solution for inhomogeneous strain and stress distributions within a finite cubic isotropic cylinder of Si 1Àx Ge x alloy under the axial Point Load Strength Test (PLST) is analytically derived. Lekhnitskii's stress function is used to uncouple the equations of equilibrium, and a new expression for the stress function is proposed so that all of the governing equations and boundary conditions are satisfied exactly. The solution for isotropic cylinders under the axial PLST is covered as a special case. Numerical results show that the strain and stress distributions in the central region within half height and radius are relatively homogeneous, but strain and stress concentrations are usually developed near the point loads. The largest tensile strain and stress are always induced along the line joining the point loads, which gives theoretical explanation why most of the cylindrical specimens are split apart along the line joining the point loads under the axial PLST. In addition, by using envelope-function method, the effect of strain on the valence-band structure of Si 1Àx-Ge x alloy is analyzed. It is found that strain changes the band quantum gap and the shape of constant energy surfaces of the heavy-hole and the light-hole bands of Si 1Àx Ge x alloy.
Introduction
It has been widely accepted that mechanical stress and strain change the drain current of Metal Oxide Semicoductor Field Effect Transistors (MOSFETs) through an effect on the electron and hole mobility (Fischettia et al., 2002) . Stress and strain can be generated in MOSFET devices by many methods, such as different process temperature, combination materials with different mechanical properties, thermal coefficient mismatch, lattice mismatch, and so on (Wang et al., 2003; Zhao et al., 2004) . Managing internal mechanical stress and strain is a key point to ensure high performance and high reliability in advanced Complementary Metal Oxide Semiconductor (CMOS) technologies (Gallon et al., 2004; Fischettia et al., 2003) . It was found that external forces can significantly change the electronic energy bands and optoelectronic behavior of semiconductors (Goroff and Kleinman, 1963; Hasegawa, 1963) . Other studies have further demonstrated that mechanical stress and strain can affect electronic structure, band gap, effective mass, carrier mobility, work function, junction leakage of semiconductors (Mathieu et al., 1979; Kanda, 1991; Kloeck and Rooij, 1994; Jiang and Singh, 1997; Matsuda et al., 2003; ) . As CMOS devices continue to scale down, these effects become more and more important (Fischetti and Laux, 1996; Thompson et al., 2004) .
Except being the most popular method in obtaining the elastic moduli and compressive strength of solids, uni-axial test is also the most commonly used method to study the effect of external force on the electronic property of semiconductors. In
Mathematical formulation
Let us consider a solid cylinder of Si 1Àx Ge x alloy with diameter D(=2R) and length H (=2h) under the axial point load test, as shown in Fig. 1 . Both of the growth direction and the direction of the applied point loads are taken along [0 0 1]. For mathematical simplicity, we take the center of the cylinder as the origin of the cylindrical coordinates (r, h, z) and the z-axis coinciding with the axis of symmetry of the cylinder. The axial point loads are applied on two end surfaces of the cylinder by pressing two collinear spherically independents along z-axis.
Experimental results show that Si 1Àx Ge x alloy is cubically anisotropic, and it was found that three independent elastic constants c 11 , c 12 and c 44 for Si 1Àx Ge x alloy are the linear function of parameter x at temperature 300 K (Schaffler, 2001) , that is c 11 ¼ ð165:8 À 37:3xÞ GPa; c 12 ¼ ð63:9 À 15:6xÞ GPa; c 44 ¼ ð79:6 À 12:8xÞ GPa ð1Þ
where 0 6 x 6 1, and x = 0 represents semiconductor silicon (Si), while x = 1 represents semiconductor germanium (Ge).
The commonly used elastic constants, such as the Young's modulus E, Poisson's ratio m and the shear modulus G, can then be obtained by 
where the usual notations for Cauchy stress and strain tensors are adopted. That is, r zz , r rr , r hh are the normal stresses in the axial, radial and circumferential directions, respectively, r rz is the shearing stress in rz plane, and e zz , e rr , e hh and e rz are the strains corresponding to the stresses. E, m and G are the Young's modulus, Poisson's ratio and the shear modulus, respectively. Obviously three independent constants c 11 , c 12 , c 44 or E,m and G are needed to described the mechanical property of cubic isotropic materials. If we let G = E/[2(1 + m)], (3) reduces to that for isotropic materials. For axi-symmetric problems, the relations between the strains and displacements are
where u and w are the displacements in the r-and z-directions, respectively. In the absence of body force, the equations of equilibrium are
During the axial point load test, all of the surfaces of the cylindrical specimen of Si 1Àx Ge x alloy are traction free, except for the contact stresses acting on the two small circular contact areas on the two end surfaces, and the contact stress can be obtained by considering the Hertz contact problem between a spherical surface of radius R 2 and the flat surface of a semi-infinite and cubic isotropic solid. In particular, the boundary conditions can be obtained as (Wei and Chau, 2002) 
where P is the magnitude of the applied point force. The radius R 0 of the contact circular area can be determined by the following equation
where R 2 , E 2 and m 2 are the radius, the Young's modulus and Poisson's ratio of the spherical heads, respectively, and 
3. Introduction of stress function for cubic isotropic materials
It was found that stress components for cubic isotropic materials can be expressed by a single stress function u as (Wei, 2007) 
The stress function u should, however, satisfy the following partial differential equation
For the isotropic case, it is straightforward that (17) reduces to a biharmonic equation, which is the same as that for isotropic cylinders under the axial PLST .
General solution for the stress function
It has been proved by Lekhnitskii (1963) that q i (i = 1, 2) can only be either real or complex, but cannot be purely imaginary for transversely isotropic materials. We found that q i (i = 1, 2) can only be complex for Si 1Àx Ge x alloy, as shown in Table  1 . Let q 1,2 = q R ± q I i, then the stress function u can be written as
where q = r/R and g = z/h; j 1 is a shape factor defined as j 1 = h/R; k s is the s-th root of J 1 (k s ) = 0; c s = k s j 1 and f n = np/j 1 . Note that the extra terms with constant coefficients A 0 and C 0 contribute to cases with only constant normal stress. The real unknown constants A 0 , C 0 , A n , B n , C s and D s are to be determined by the boundary conditions. 
where a = 1 and
K 2 ðx; y; qÞ ¼ yCðqÞ À eðy 3 À 3x 2 yÞJ 0 ðk s qÞ ð24Þ
Based on (13)- (16), the expressions for r hh can be obtained from (19) by replacing ''a" and ''b" with ''b" and ''1", respectively. While the expressions for r zz can be obtained from (19) by replacing both of ''a" and ''b" with ''Àc", and ''e" with ''À1", respectively.
Determination of unknown coefficients
The boundary condition r rz = 0 on the curved surface q = 1(i. e.r = R) given in (7) leads to
where E n and D n are new constants introduced to simplify the subsequent analysis.
While the boundary condition on two end surfaces g = ±1 (i. e.z = ±h) given in (8) leads to
where F s are X s other constants introduced to simplify the following analysis, and
The radial stress r rr on the curved surface q = 1 (i.e. r = R) can be obtained from (19) as
Substitution of (26) and (27) into (30), together with Fourier expansion technique, (30) can be rewritten as
where
In order to obtain (31), we have set
Thus, the boundary condition r rr = 0 on the curved surface q = 1 leads to the following relations between A 0 and C 0 and between E n and F s
In order to apply the end boundary condition for r zz , we can set a = b = Àc, e = À1, g = ± 1 and substitute (26) and (27) into (19), together with expanding the modified Bessel functions into Fourier-Bessel expansions, (19) finally can be written as
where 
Note that in obtaining (41), we have set
In order to match the external boundary contact stress (8) on two end surfaces of the cylinder with the internal stress field obtained in (41), (8) is also expanded into Fourier-Bessel expansions as
Finally, by comparing the coefficients of (41) and (46), we have
Up to now, all of the equations for unknown coefficients have been derived. In particular, in order to obtain the unknown coefficients E n and F s , the coupled system of equations, (40) and (48), has to be solved simultaneously. For numerical implementation, we can truncate the infinite series in (40) and (48) and only retain the first n and s terms. Then, there will be (s + n) equations for the (s + n) unknown coefficients of F s and E n . A 0 and C 0 can be derived by substitution of F s and (32) into (39) and (47). A n ,B n , C s and D s can be further obtained by substitution of F s and E n into (26) and (27) . Once these coefficients are solved, the stress field inside the cylinder can be evaluated according to (19) and (20) , and the inhomogeneous strain distributions within finite cylinders under the point load test can be obtained by substituting (19) and (20) into (3).
Numerical results and discussion
The point load test is usually used as an indirect tensile strength test for strength estimation and classification of brittle solids, and the fracture surfaces always pass through the line joining the two point loads. Therefore, almost all of the previous numerical analysis focused on the stress at the center and stress distributions along the lines joining the point loads Wei and Chau, 2002) . The present paper is, however, going to investigate the inhomogeneous strain distributions within the finite cylinders, and study the effect of strain on the valence band of Si 1Àx Ge x alloy.
Because the hyperbolic functions and the modified Bessel functions of the first kind increase with both s and n, they may lead to overflow in actual numerical calculations for large s and n. To prevent numerical instability, all terms associated with n are normalized with respect to ''Re[I 1 (p 1 f n )]", and all terms associated with s with respect to ''cosh(q R c s )". Fig. 2 plots the normalized strain components e ij /e 0 versus the normalized distance z/h along the axis of loading for r/R = 0.0 for various values of n and s. Fig. 2 shows that 30 terms in both s and n are sufficient to achieve a satisfactory convergence for strain components. The calculation is for semiconductor silicon, and the parameters used are P = 10 kN, D = 25 mm, H/D = 1.1, r 0 = 4P/ pD 2 , e 0 = r 0 /E, R 0 /R = 0.10. The Young's modulus E 2 of the spherically indentors acting on two end surfaces of the cylinder can be normally assumed large enough such that (1 À m 2 )/E 2 = 0 can be used. To ensure the accuracy of our numerical results, all subsequent calculations were done using 80 terms for both summation indices s and n. However, it should be emphasized that 80 terms can not guarantee the accuracy of the strain and stress components near the corner of the cylinder, where the stresses may even be singular.
When the isotropic limit of the present solution is considered (i. e., G = E/[2(1 + m)], or c 44 = [c 12 À c 11 ]/2), the present solution reduces to the results by Wei et al. (1999) for isotropic cylinders under the axial PLST. In addition, the finite element method has also been used to validate the present analytical solution, Fig. 3 shows that the two results are agree well, except near z/h = 0.9 where the stress concentration is induced. . Fig. 4 indicates that the strain distributions within cylinders along the loading direction are inhomogeneous, and strain concentrations are usually developed near the point loads depending on the ratio of r/R, but the strain distributions at the central parts, say 0 < z/h < 0.5, are relatively uniform even for various values of r/R. It was found that the tensile strain is always the largest along the line jointing the two point loads (i. e. r/R = 0.0) within the whole cylinder, and the maximum tensile strain can be about seven times as that at the center of the cylinder. Fig. 5 plots the strain distributions of the normalized strain components e rr /e 0 , e hh /e 0 , e zz /e 0 and the normalized hydrostatic strain e H /e 0 along the line jointing two point loads versus the normalized distance z/h for r/R=0.0 and for various values of H/ D. All other parameters are the same as those used in Fig. 4 . Fig. 5 shows that the pattern of the strain distributions is similar for different shape of cylinders, but the magnitude of the strain distributions is different, and the smaller the ratio of H/D, the larger the tensile strain is induced under the axial point load test. In addition, the strain distributions for cylinders with H/ D > 1 are more convergent, while those for cylinders with H/D < 1 become more scatter. Therefore, relatively long cylinders with H/D > 1 can be suggested for the axial point load test. Fig. 6 illustrates the effect of the ratio r 0 /R on the strain distributions of the normalized strain components e rr /e 0 , e hh /e 0 , e zz /e 0 and the normalized hydrostatic strain e H /e 0 of within cylinders under the axial point load test. All other parameters are the same as those used in Fig. 4 . Fig. 6 shows that the strain concentrations near point loads are very sensitive to the contact area between the end surfaces and two spherically heads. The smaller the contact area, the larger the maximum tensile strain is developed near the point loads. However, the strain distributions at the central part, say 0 < z/h < 0.6, are relatively uniform and independent of the contact area. . Fig. 7 indicates that the stress distributions within cylinders along the loading direction are inhomogeneous, and stress concentrations are usually developed near the point loads, but the stress distributions at the central parts, say 0 < z/h < 0.5, are relatively uniform. The tensile stress is always the largest along the line jointing the two point loads within the cylinder. This prediction give a theoretical explanation why almost all of the failure surfaces of the cylinders pass through the line jointing two point loads in the PLST experiments (ISRM, 1985) . Fig. 4 . Fig. 8 shows that the pattern of the stress distributions is similar for different shape of cylinders, but the magnitude of the stress distributions is different. It was found that the stress distributions for cylinders with H/D > 1 are more convergent. Therefore, relatively long cylinders with H/D > 1 can be suggested for the axial point load test. Note that H/D = 1.1 has been used as standardized ratio for finite cylinders by ISRM (1985) for the axial point load test for rock strength estimation and classification. and two spherically heads. The smaller the contact area, the larger the maximum tensile stress is developed, but the radial and circumferential stress distributions at the central part, say 0 < z/h < 0.6, as well as the axial and the hydrostatic stresses are independent of the contact area.
The inhomogeneous strain distributions within cylinder under the axial point loads

The inhomogeneous stress distributions within cylinder under the axial point loads
8. Effect of strain on the valence-band structure of Si 1Àx Ge x alloy 8.1. Valence bands near k = 0 without strain effect
The valence band of Si 1Àx Ge x alloy consists of three bands, heavy-hole and light-hole and split-off bands. The heavy-hole and light-hole bands are degenerate at the band edge and the split-off band is below the band edge. To the first order approximation, the contribution from the split-off band can be neglected. Based on kp perturbation method, the band edge energies for the heavy-hole and light-hole in the absence of strain can be obtained as (Hensel and Feher, 1963) 
where the upper and lower signs in (50) represent the heavy-hole and light-hole bands, respectively. A, B and C are the inverse mass band parameters and can be obtained by the cyclotron resonance experiments. All of the parameters used in the numerical calculation for silicon (x = 0) and germanium (x = 1) are listed in Table 2 . The parameters for Si 1Àx Ge x alloy are taken as the linear interpolation of those of silicon and germanium. Fig. 10 plots the E-k diagram and the shape of constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0 for unstrained silicon (x = 0) according to (50). The heavy-hole and light-hole bands are degenerate at the band edge. The coupling between the heavy-hole and light-hole bands causes a kind of warped or fluted shape of the constant energy surfaces near k = 0. It was found that the structure of the valence bands of germanium and Si 1Àx Ge x alloy are qualitatively similar that of silicon.
Valence bands near k = 0 in the presence of strain
According to Pikus-Bir deformation potential theory, the 4 Â 4 Hamiltonian for the valence-band structure of strained Si 1Àx Ge x alloy can be obtained by the envelope-function approximation as (Jiang and Singh, 1997 ) where
where e ij is the strain components, c 1 , c 2 and c 3 are the luttinger parameters, a t , b and d are the Bir-Pikus deformation potentials, the wave vector k is interpreted as operator Ài$, all of the captioned letters with * denote the conjugate quantities of the corresponding terms. Based on the energy band theory, the valence-band energy E for the Hamiltonian in (51) can be obtained by considering the following equation
which leads to
where E HH and E LH are the energies for the heavy-hole and the light-hole bands, respectively. If only the first-order perturbation of (53) is considered, Hensel and Feher (1963) obtained expressions for the constant energy surface of the heavy-hole and the light-hole bands as
where A, B and C are the inverse mass band parameters, and D u is the valence band deformation potentials and is related to Bir-Pikus deformation potentials by D u = À3b/2. It is clear that the shape of constant energy surfaces of the heavy-hole and the light-hole bands described by (56) and (57) are ellipsoids for homogeneous or constant strain components. The band splitting DE LHÀHH between the heavy-and light-hole bands is obtained as
According to (54) and (55), Fig. 11 plots the E-k diagram and the shape of constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0 for silicon with e xx = e yy = 0.006, e zz = À0.0012, and all other strain components are zero, which are the strain components at the center of the cylinder with D = 25 mm and H/D = 1.1 under the point loads P = 10 kN. If the external point loads are increased, and large strain components are induced, then Figs. 12 and 13 further shows that the constant energy surface of the heavy-hole and the light-hole tend to become oblate and prolate ellipsoids, respectively, which are almost the same as those obtained by (56) and (57).
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Light-hole surface Heavy-hole surface Unstrained Silicon Fig. 10 . E-k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge, k = 0, for unstrained silicon.
Strained Silicon
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Light-hole surface Heavy-hole surface 0.71 meV Fig. 11 . E-k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with e xx = e yy = 0.006, e zz = À0.0012.
Strained Silicon
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Light-hole surface Heavy-hole surface 1.1meV Fig. 12 . E-k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with e xx = e yy = 0.02, e zz = À0.04.
Strained Silicon
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Light-hole surface Heavy-hole surface 3.4meV Fig. 13 . E-k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with e xx = e yy = 0.06, e zz = À0.12.
Fig. 14 plots the band gap between the heavy-hole and the light-hole bands at z/h = 0.0 versus the external point loads P for various ratio of H/D for silicon. The smaller the ratio of H/D or a larger external point loads, the larger the band gap is induced. Fig. 15 further plots the band gap between the heavy-hole and the light-hole bands at z/h = 0.0 versus parameter x for various ratio of H/D for Si 1Àx Ge x alloy, which shows that the band gap between the heavy-hole and the light-hole bands is very sensitive to the aspect ratio of the cylinder and parameter x.
The effect of the strain gradient within the cylinder on the valence band structure is complicated and tedious, and the detail analysis will be considered in future work.
Conclusion
An exact solution for the stress and strain distributions within a finite and cubic isotropic cylinder of Si 1Àx Ge x alloy under the axial point load test is analytically derived. The point loads are modeled by using the Hertz's contact solution between an isotropic sphere and a cubic isotropic half-space. A new Fourier-Bessel series expansion of the stress function is proposed, such that all boundary conditions can be exactly satisfied. For the isotropic limit, the present solution converges to the solution by Wei et al. (1999) for isotropic cylinders. Numerical results show that all of the strain and stress components are inhomogeneous within finite cylinders, strain and stress concentrations are usually developed near the point loads, but the strain and stress distributions in the central region within half height and radius are relatively homogeneous. The largest tensile strain and stress are always induced along the line joining the point loads, which theoretically explains why almost all of the cylindrical specimens are split apart along the line joining the point loads under the axial PLST. In addition, by using envelope-function method, the effect of strain and external point loads on the valence-band structure of Si 1Àx Ge x alloy was discussed. It is found that strain and external point loads change the band gap as well as the shape of constant energy surfaces of the heavy-hole and the light-hole bands of Si 1Àx Ge x alloy. 
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